We classify all finite groups with five relative commutativity degrees. Also, we give a partial answer to our previous conjecture on a lower bound of the number of relative commutativity degrees of finite groups.
Introduction
A finite group is either abelian or non-abelian, but not all non-abelian groups share the same commutativity relation among their elements. Roughly speaking, nilpotent groups seems to be more commutative than solvable groups, and solvable groups seems even more commutative than non-solvable groups. To compare groups via their commutativity of elements, one can count all commuting pairs in a finite group G and normalize it by dividing this number by the number of all pairs. This quantity defined explicitly as d(G) := #{(x, y) ∈ G × G : xy = yx} |G| 2 is known as the commutativity degree of G. Erdös and Turan [5] defined the commutativity degree of groups in their study of symmetric groups and showed that it satisfies the identity
where k(G) denotes the number of conjugacy classes of G. This formula is used to give various lower and upper bounds for d(G) in the literature. The most simple upper bound for d(G) is given by Gustafson [11] in 1973 who showed that d(G) 5/8 for all non-abelian groups with equality if and only if G/Z(G) is the Klein four group. The next remarkable and significant result is due to Rusin [17] in 1979 who classified all finite groups with commutativity degrees greater than 11/32. Since then the commutativity degree of finite groups is studied actively and we may refer the interested reader to [2, 4, 8, 10, 12, 13, 14, 15] for some major contributions to the field. While the commutativity degree can be applied to distinguish between groups but it is not so strong to reveal internal structure of groups in general. For instance, d(A 4 ) = d(D 18 ) = 1 3 while A 4 and D 18 have quite different structures. One way to overcome this problem is to work on local structure of groups by looking at subgroups of a group and how their elements commute with other elements of the group under consideration. Accordingly, one can define the relative commutativity degree of a subgroup H of a finite group G as d(H, G) := #{(h, g) ∈ H × G : hg = gh} |H||G| .
The above quantity is introduced by Erfanian, Rezaei, and Lescot [7] in 2007 where the authors apply it to show, among other results, the following monotonic property of (relative) commutativity degrees
when G is a finite group and H and K are subgroups of G with H K. Barzegar, Erfanian, and Farrokhi [3] consider the set D(G) of all relative commutativity degrees of a finite group G, namely
and study the groups G when D(G) is small. It is evident that D(G) is a singleton if and only if G is abelian. They show that there is no finite groups G with D(G) possessing only two elements, and obtain the following classification of finite groups G for which D(G) has three elements. (i) G/Z(G) ∼ = C p × C p for some prime p (nilpotent case). Then
(ii) G/Z(G) ∼ = C p ⋊ C q is a non-abelian group of order pq for some distinct primes p and q (non-nilpotent case). Then
The above results are extended by Erfanian and Farrokhi [6] by classifying all finite groups G with D(G) containing four elements. (i) G/Z(G) is a p-group of order p 3 and G has no abelian maximal subgroups (nilpotent case). Then 
Here by a minimal Frobenius group we mean a Frobenius group none of its proper subgroups are Frobenius. Notice that a Frobenius group G is minimal if and only if its kernel is elementary abelian, its complements are cyclic groups of prime orders, and both the kernel and complements are maximal subgroups of G.
For a finite group G, we can write the set D(G) as
Recently, the above results on finite groups G satisfying |D(G)| 4 are generalized by Farrokhi and Safa [9] by describing those subgroups H of a finite group G satisfying d(H, G) d 3 . They show that H/H ∩ Z(G) is a product of at most i primes when d(H, G) = d i d 3 and pose the following conjecture:
Let G be a finite group and H be a subgroup of G with d(H, G) = d k . Then |H/Z(H, G)| is a product of at most k primes. As a result, |G/Z(G)| is a product of at most |D(G)| − 1 primes.
Also, they state a weaker version of the above conjecture as
where l M (X) denotes the maximum length of chains of subgroups of the group X.
In this paper, we shall classify all finite groups with five relative commutativity degrees. We divide these groups into two families. For nilpotent groups, we have Theorem 1.5. Let G be a finite nilpotent group. Then |D(G)| = 5 if and only if one of the following holds:
(i) |G/Z(G)| = p 3 and G has an abelian maximal subgroup. Then
(ii) |G/Z(G)| = p 4 and G has two conjugacy class sizes 1 and p m for some fixed m ∈ {1, 2, 3}. Then
The second family contains non-nilpotent groups and described as follows:
Theorem 1.6. Let G be a finite non-nilpotent group. Then |D(G)| = 5 if and only if one of the following holds:
Then
(iii) G/Z(G) ∼ = (C p × C p ) ⋊ C q is a Frobenius group with a normal subgroup of order p and the Sylow p-subgroup of G is abelian. Then 
Here, p and q denote distinct primes.
One observe that all groups G with at most five relative commutativity degrees satisfy Conjecture 1.3. In [9] the authors show that all supersolvable groups admit Conjecture 1.3 too. Hence all these groups satisfy Conjecture 1.4. As a partial result, in Lemma 4.3, we also show that all finite groups whose nontrivial elements of their central factor groups have prime power orders satisfy Conjecture 1.4.
Preliminary results
In this section, we recall/prove a set of useful tools which we shall use frequently in our proofs. We note that d(H, G) = d(HZ, G) for every subgroup H and every central subgroup Z of a finite group G. We shall use this fact without further citing. 
, then x ∈ C H (g) and H = C H (g), from which it follows that H ⊆ Z(C G (x)), a contradiction. Thus d(H, G) < d( x , G).
We shall use the following result to reduce the nilpotent groups under consideration to the class of p-groups. Lemma 2.6. Let H and K be two finite groups with coprime orders. Then
While the above lemma gives the simple lower bound
for |D(H × K)| when H and K are finite groups with coprime orders, we believe that a more stronger result should holds for any two such groups.
Conjecture 2.7. For any two finite groups H and K of coprime orders, we have
Notice that the above conjecture is not valid in general. The smallest counter-
showing that not only the difference between |D(H × K)| and |D(H)||D(K)| can be large but also they cannot be compared in general. So, we may ask the following question: All over this paper, G denotes the group we are working on and G stand for the factor group G/Z(G). Accordingly, for a subgroup H of G and element g ∈ G, H and g stand for HZ(G)/Z(G) and gZ(G).
Nilpotent groups
Our classification of finite nilpotent groups with four relative commutativity degrees relies on two classes of groups; p-groups with an abelian maximal subgroup and p-groups whose all non-central elements have the same conjugacy class sizes. In both cases, we can simply compute all relative commutativity degrees and count them. 
Proof. Let M be the unique abelian maximal subgroup of G. Clearly,
Let H be a subgroup of G containing Z(G) and |H| = p i . If H ⊆ M , then 0 i < n and
for some 0 i < n and 1 j n, then a simple verification shows that i = n − 1 and j = 1. Therefore |D(G)| = 2n − 1, as required. 
In what follows, Z and Z g stand for the subgroups Z(G) and g ∩ Z(G) of a group G for all elements g ∈ G. Utilizing the above two lemmas, we can classify all nilpotent groups with five relative commutativity degrees.
Proof of Theorem 1.5.
Suppose |D(G)| = 5. Let G = P 1 × · · · × P k be the factorization of G into the direct product of Sylow p-subgroups. If P i and P j are non-abelian for some i = j, then the paragraph after Lemma 2.6 shows that |D(G)| 6, which is a contradiction. Therefore G/Z(G) is a p-group. By Theorem 1.1(i) and [9, Theorem 2.3], we must have |G/Z(G)| = p 3 or p 4 .
If |G/Z(G)| = p 3 , then G/Z(G) has an abelian maximal subgroup by Theorem 1.2(i) so that Lemma 3.1 yields G is a group of type (i) with D(G) as given in the theorem. Now, suppose that |G/Z(G)| = p 4 . If G has two conjugacy class sizes, then we apply Lemma 3.2 to show that G is a group of type (ii) with D(G) as in the theorem. For the rest of the proof, we further assume that G has at least three conjugacy class sizes. By Lemma 3.1, G has no abelian maximal subgroups. We have two cases to consider: If g ∈ G is such that |C G (g)| = p, and C G (g) ⊂ M 1 ⊂ M 2 ⊂ G for some subgroups M 1 and M 2 of G, then Lemma 2.4 along with the fact that d(C G (g), G) = d( g , G)
As a result, G contains an element y such that C G (y) is a maximal subgroup of G. Notice that C G (y) is non-abelian and hence we should have |y| = p. By Lemma 2.3,
Since d( y , G) = d( x p , G), it follows that d( y , G) = d( x , G). On the other hand,
is a maximal subgroup of G, and by Corollary 2.2 and Lemma 2.3,
Next we show that C G (g) is a maximal subgroup of G for all g ∈ G satisfying |g| = p. To this end, let g ∈ G be such that |g| = p, |C G (g)| = p c = p 3 , and M be a maximal subgroup of G containing C G (g). Then Lemma 2.4 yields
Since d( g , G) = d( x p , G), it follows that d( g , G) = d( x , G). On the other hand,
which imply that d( g , G) = d( x , G), a contradiction. Therefore |C G (g)| = p 3 for all g ∈ G such that |g| = p. If G has a subgroup H ∼ = C p × C p , then
On the other hand, if g ∈ G \ C G (H), then C H (g) is a non-central subgroup of , which is impossible. Therefore G has a unique subgroup of order p showing that G ∼ = Q 16 (see [16, Theorem 5.3.6] ). Accordingly, G contains an element of order 8 so that G has an abelain maximal subgroup, which is a contradiction. Case 2. exp(G) = p. Let g ∈ G \ Z(G). We consider three possibilities for the order of C G (g).
(a) |C G (g)| = p. Let A g and B g be subgroups of G such that
from which it follows that
a contradiction. Therefore, Lemmas 2.1 and 2.4 give us
by Lemma 2.1. Thus
Now, from (1), (2), and (3), it follows that d( x , G) = d( y , G) and hence |C G (x)| = |C G (y)| for all non-central elements x, y of G. This shows that G has only two conjugacy class sizes, which contradicts our assumption. The proof is complete. ✷
Non-nilpotent groups
This section is devoted to non-nilpotent finite groups with five relative commutativity degrees. To classify these groups, first we show that non-trivial elements in central factor group of any such group have prime power orders. Proof. First assume that G has an element x of order pqr for some primes p, q, r. By Corollary 2.2, 
It follows that G is a Frobenius group with complement C G (x). Let K be the kernel of G. Then K is an elementary abelian s-group for some prime s. which implies that d(K, G) = d( y , G). Thus K = y C K (x) = Z(G), y by Lemma 2.1, which implies that |K| = s is a prime. Now, proceeding the same arguments as in Case 1 leads us to a contradiction. Therefore G has no elements of order pqr.
For the rest of the proof, we suppose that G has an element x of order pq, where p and q are distinct primes. Then x = ab, where |a| = p, |b| = q, and ab = ba. If d( a , G) = d( b , G), then since d( x , G) < d( a , G), d( b , G), by replacing x pq by x q and noting that d(K x p , G) = d(K x q , G) via direct computations, we reach to a contradiction by the same arguments as above. Thus, we suppose in addition that d( a , G) = d( b , G). It follows that |C G (a)| = |C G (b)| and hence C G (x) is not a maximal subgroup of G.
If C G (x) is non-abelian and H is an abelian non-central subgroup of C G (x) containing x properly, then we obtain
by Lemma 2.5, which implies that |D(G)| > 5, a contradiction. Thus C G (x) is abelian so that C G (x) ∼ = C m p × C n q for some m, n 1 as G has no elements of orders a product of three primes . Let M be a maximal subgroup of G containing C G (x), and H be a Sylow subgroup of C G (x). It is evident that all non-central elements of H have the same centralizer sizes as C G (x) is abelian. Then, by Lemmas 2.1 and 2.4, we get Hence d(H, G) = d( g , G) , from which it follows that H = Z(G), g . Therefore C G (x) = Z(G), x . Now, we show that C G (a) is a {p, q}-group. Suppose on the contrary that π(C G (a)) = {p, q} and c ∈ C G (a) is an element of prime order r = p, q. Then ac is an element of order pr in G and, as above, we should have d( c , G) = d( a , G). Also, we must have d( ac , G) = d( x , G), from which it follows that |C G (a)| = pqr. By Schur-Zassenhaus theorem (see [16, Theorem 9.1.2]), we get C G (a) = a × b, c so that b, c is a non-abelian group of order qr. Without loss of generality, we assume that b, c = b ⋊ c , hence r | q − 1. Now, by invoking Lemma 2.1, we can show that
from which in conjunction with the fact that a , b , and c have the same relative commutativity degrees, we obtain |G| = pr · pqr + p − pr − qr p − r .
Since q divides |G|, it follows that q | r − 1, which contradicts our earlier result that r | q − 1. Therefore π(C G (a)) = {p, q} and |C G (a)| = p m q n for some m, n 1. Let P and Q be a Sylow p-subgroup and a Sylow q-subgroup of C G (a), respectively. We show that |Q| = q. Suppose on the contrary that |Q| > q and Q 0 is a subgroup of Q of order q 2 containing b. Notice that all non-central elements of Q 0 have the same centralizer sizes. If d( x , G) = d(Q 0 , G), then as d( a , G) = d( b , G), and
Hence |G| is not divisible by q 2 contradicting our assumption. Thus d( x , G) = d(Q 0 , G), and by Lemma 2.3,
which is a contradiction. Therefore |Q| = q and subsequently |P | > p by Theorem 1.1(ii). Let H be a subgroup of P containing a properly. Since a H P C G (a), we have Having proved the above major lemma, we need yet to state two rather easy related results before proving our main classification theorem. Lemma 4.2. Let G be a finite group and x, y ∈ G be elements of distinct prime orders p and q such that C G (x) and C G (y) have prime power orders. Then either G is a group of order pq or d( x , G) = d( y , G).
Proof. If the equality d( x , G) = d( y , G) holds, then
Assume p > q. As |C G (x)| divides the right hand side of the above equality, it follows that |C G (x)| divides p, hence |C G (x)| = p. Then
if |C G (y)| > q. Thus |C G (y)| = q, which implies that |G| = pq.
The following lemma gives a partial answer to Conjecture 1.4. Note that the groups G/Z(G) in the lemma are classified in [1] . Lemma 4.3. Let G be a finite non-nilpotent group such that nontrivial elements of G/Z(G) have prime power orders. Then |D(G)| l M (G/Z(G)) + 1.
Proof. Let H and K be subgroups of G such that Z(G) H < K. If d(H, G) = d(K, G), then K = HC K (g) for all g ∈ G. Let p be a prime divisor of G such that either p ∤ [K : H] or [K : H] is divisible by pq for some prime q = p. If g ∈ G is a p-element, then C K (g) is a p-subgroup of K so that |HC K (g)| = |H|[C K (g) : C H (g)] = |K|. Thus d(K, G) < d(H, G) by Lemma 2.1, from which the result follows. Now, we are able to classify all non-nilpotent finite groups with five relative commutativity degrees.
Proof of Theorem 1.6.
By Lemma 4.1, we know that non-trivial elements of G have non-cubic prime power orders. First we show that G is a {p, q}-group. Suppose on the contrary that |G| is divisible by three distinct primes p, q, r and a, b, c are elements of G of orders p, q, r, respectively. By Lemma 4.2, we can assume that
By Lemmas 2.1 and 2.4, a is a maximal subgroup of G, which implies that G is a Frobenius group whose kernel and complements are both prime power groups, a contradiction. Thus G is a {p, q}-group so that |G| = p m q n for some m, n 1. Furthermore, as |G| = pq, Lemma 4.3 yields m + n = 3 or 4. Let P and Q be a Sylow p-subgroup and a Sylow q-subgroup of G, respectively.
First assume that |G| = p 2 q 2 . Then all non-central p-elements (resp. q-elements) of G have the same centralizer sizes, say p c |Z| for some c ∈ {1, 2} (resp. q d |Z| for some d ∈ {1, 2}). If P * and Q * denote maximal subgroups of P and Q, respectively, then at least two numbers among 
which has no solutions for primes p and q assuming that i, j ∈ {1, 2}. Therefore, |G| = p 2 q 2 and we can assume that |Q| = q. In what follows, P i stands for any subgroup of P of order p i for i = 1, . . . , m.
From the proof Lemma 4.3, it follows that all non-central p-elements of G have the same centralizer size, say p c |Z|. Clearly, P is abelian if c 2 so that either p c = p or p c = p m . A simple verification shows that for a subgroup P * of P we have d(P * , G) = d(Q, G) if and only if P = P * is abelian. Hence P is abelian when |P | = p 3 otherwise the following elements d(G), d(P 3 , G), d(P 2 , G), d(P 1 , G), d(Q, G), 1 of D(G) are pairwise distinct, which is a contradiction.
Suppose N G (Q) = Q. If H denotes a subgroup of N G (Q) such that |H| = pq, then simple computations show that d(H, G) = d(P i , G) for i = 1, . . . , m. Since d(G) < d(P m , G) < · · · < d(P 1 , G) < 1, it follows that m = 2. In particular, we must have d(P, G) = d(Q, G), which implies that P is abelian as mentioned in the previous paragraph. Since H ∼ = C q ⋊ C p is non-abelian, we have p < q so that H G as [G : H] is the smallest prime dividing |G|. Hence Q G. The fact that Aut(Q) is cyclic and C G (Q) = Q implies that P is cyclic. Therefore G is a group as in part (i). Now, assume that N G (Q) = Q. Then G = P ⋊ Q is a Frobenius group. Assume G has a normal subgroup P * of order p k for some 1 k < m. Then , which yields P is abelian as mentioned above. Hence G is a group as in parts (ii) or (iii). Finally, assume that P is a minimal normal subgroup of G. Then P is an elementary abelian p-group. If |P | = p 2 , then part (iii) and Theorem 1.2(ii) yield c = 1 and P is non-abelian, which implies that G is a group as in part (iv). Now, assume that |P | = p 3 . Then 
